On first exit times for homogeneous diffusion processes* 
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' In this paper we derive an upper bound for the expression E|T\ — T%\, first exit times from a 

region for two homogeneous diffusion processes. 
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Let (Q, T, P) be a standard probability space and Q be a bounded simply connected region in 
R n . Consider the n- dimensional diffusion processes Ui(t), i=l,2 (see [1, v.3,pp. 257-258]) of the 
following Ito equations: 

(1) d yi (t) = fi(y{t))dt + f3 l (y(t))dw t , 

(2) Vi(0) = at. 

Here t > 0, Wt is a standard d-dimensional Wiener process, coordinated as usual with some right- 
continuous non-decreasing flow of cr-algebras Tt C T\ fi and /3j are nonrandom functions with 

O ' 

{Sj ' respective values in R n and R n , (here and elsewhere i = 1,2). The random vectors a, are 
measurable with respect to the cr-algebra and a\ € Q with probability 1(Q denotes the closure 
<^ ' of the region Q ). All vectors and matrices are real with Euclidean norm | • |. 

Consider the r.v.'s Tj = inf{i : yi(t) ^ Q}. These are the first exit times of the processes yi(t) 
from the region Q. 
' Consider in Q the Dirichlet problem 

X ' ( 3 ) L i V i = _1 > V i\dQ = °- 

a; 

Here <9Q is the boundary of Q and the differential operators 



(4) Li § ^ 9yO) + 2 j£ 6i 0yCJ%(*) ' 

where y^, 6^ are the components of the vectors /j, y and the matrices frj(-) = /3j(-)/3j(-) T . 

We assume that all the components of the function /, 0i are continuously differentiable, the 
eigenvalues of the matrices b% are isolated from zero uniformly in Q, and the boundary dQ is smooth. 
Problem (3)-(4) then has a (unique) solution that is twice continuously differentiable up to the 
boundary. 

Denote by dvi/dy the vector with components dvi/dy^ . 
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Theorem. 



(5) 



E|Ti - T 2 \ < max sup E| yi (T) - y 2 (T)\, 



i=l,2 x6 q 



where T = T\ f\T 2 = min(Ti, T2). 

Proof. Let ei and e2 be the indicator functions of the events {T\ > T 2 } and {T2 > T±} respectively. 
Obviously, 



The r.v.'s are measurable with respect to the c-algebras J-~, Tt v associated with the Markov 
times (with respect to the flow Tt) T, Tj, j = 1,2 (see [1, v. 2, Chap. 4, §2]). Using Ito's formula, we 
obtain the equality 



If we replaced the indices 1, 2 in (7) by 2,1, we get an analogous expression for Eje^Tx — T 2 )}. Now 
the assertion of the theorem follows at once from (6). 

Example. In equations (l)-(2) let n = d = 1, yi(t) = a« + wt, Q = (0,1). Then, obviously, 
Vi(y) = y{l - y), dvi{y)/dy = 1 - 2y and E|Ti - T 2 \ < |oi - a 2 |. 

The behavior of the first exit times of the process when the drift and diffusion coefficients vary 
has been studied in details in the book [2]. However, it solves problems of different sort than the 
one considered above. 

For non-homogeneous processes and T±, T 2 bounded times an estimate similar to (5) was derived 
in [3] and used to prove the "stochastic maximum principle" established in [4] for a controlled 
diffusion process in a bounded region. For strong Markov processes of arbitrary form, an estimate 
of type (5) was derived in [5] (however, the assumptions made there are restrictive and not easy to 
check for nondiffusional processes). 
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(6) 



E\T 1 -T 2 \ = E{ei(Ti - T 2 )} + E{e 2 (T 2 - Ti)}. 



(7) 



E{ei{«i[j/i(T2)] - U1MT2)]}} = -E{ei{vi[j/i(Ti)] - «i[yi(T 2 )]}} 

= -E {ei jf L lVl [ yi (t)}dt} = E{ ei (T! - T 2 )}. 
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